Exploring noncommutative algebras via deformation theory 

Pavel Etingof (MIT) 

In this lecture Q I would like to address the following question: given 
an associative algebra Aq, what are the possible ways to deform it? Con- 
sideration of this question for concrete algebras often leads to interesting 
mathematical discoveries. I will discuss several approaches to this question, 
and examples of applying them. 

1. Deformation theory 

1.1. Formal deformations. The most general approach to the question 
"how to deform Aq?" is the theory of formal deformations. 

Let k be a field and K := k\\h\, hi]] the ring of formal power series in 
variables hi. Let m be the maximal ideal in K. 

A /f-module M is said to be topologically free if it is isomorphic to 
Mo [[Tli, hi]] for some vector space Mq. 

Let Aq be an algebra over k^_ 

Definition 1.1. An ^-parameter flat formal deformation of Aq is an 

algebra A over K which is topologically free as a .fT-module, together with 
an isomorphism of algebras eft : A/m — > Ao@ 

For simplicity we will mostly consider 1-parameter deformations. If A is 
a 1-parameter flat formal deformation of Aq then we can choose an identifi- 
cation A — > Ao[[h]] as -KT-modules, which reduces to <f> modulo h. Then the 
algebra structure on A transforms into a new .fT-linear multiplication law [i 
on vlo[[7t]]. Such a multiplication law is determined by the product fj,(a,b), 
a,b £ Aq C .Ao[[^]]) which is given by the formula 

n{a,b) = no(a,b) + hfj,\(a,b) + ^ 2 /i 2 (a, 6) + ...,a,b G A , 

where \ii : Aq Aq — ► Aq are linear maps, and fj,o(a,b) is the undeformed 
product ab in Aq. Thus, to find formal deformations of Aq means to find all 
such series fx which satisfy the associativity equation, modulo the automor- 
phisms of the i^-module Aq[[^]] which are the identity modulo h. 



1 This lecture was delivered at "Giornata IndAM", Naples, June 7, 2005. I would like 
to thank the organizers, in particular Prof. Corrado De Concini and Paolo Piazza for this 
wonderful opportunity. I am also grateful to J. Stasheff for useful comments. 
By "an algebra" we always mean an associative algebra with unit. 
^The word "flat" refers to the fact that A is a (topologically) flat module over K, i.e. 
the functor of completed tensor product with this module is exact. 

4 Note that we don't have to worry about the existence of a unit in A since a flat formal 
deformation of an algebra with unit always has a unit 
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The associativity equation fao(fa^)Id) = fj,o(Id®fa) reduces to a hierarchy 
of linear equations: 

N N 

(1) y^/x a (^jy- a (o,6),c) = ^2 Vs(a, VN-s(b, c)). 

s=0 s=0 

(These equations are linear in fay ii fa, i < N , are known). 

1.2. Hochschild cohomology. These equations can be analyzed using Hochschild 
cohomology. Let us recall its definition. Let M be a bimodule over Aq. A 
Hochschild n-cochain of Aq with coefficients in M is a linear map A^ n — » M. 

The space of such cochains is denoted by (/"(.AojM). The differential 
d : C n {A ,M) -» C" +1 (^o,Af) is defined by the formula 

d/(ai, a n+ i) = /(ai, a n )a n+ i - f(a\, a n a n+ i) 

+f(ai,a 2 a 3 , o n+ i)-...+(-l) n /(aia 2 , a„ + i)+(-l)" +1 ai/(a 2 , ...,a n+ i). 

It is easy to show that d 2 = 0, and one defines the Hochschild cohomology 
H*(A ,M) to be the cohomology of the complex (C*(A , M), d). If M = 
Aq, the algebra itself, then we will denote H*{Aq,M) by H'(Aq) (it is an 
algebra). For example, H°(Aq) is the center of Aq, and ^(Aq) is the 
quotient of the Lie algebra of derivations of Aq by inner derivations. 

The following are standard facts from deformation theory (due to Ger- 
stenhaber |Ge| ). which can be checked directly. 

1. The linear equation for fa says that fa is a Hochschild 2-cocycle. Thus 
algebra structures on AQ[h]/h 2 deforming fa are parametrized by the space 
Z 2 (Aq) of Hochschild 2-cocycles of Aq with values in M = Aq. 

2. If fa,(J,'i are two 2-cocycles such that fa — fa\ is a coboundary, then the 
algebra structures on AQ[h]/h 2 corresponding to fa and fa\ are equivalent 
by a transformation of Aq [h] / ti 2 that equals the identity modulo h, and vice 
versa. Thus equivalence classes of multiplications on AQ[h]/h 2 deforming fa 
are parametrized by the cohomology H 2 (Aq). 

3. The linear equation for fay says that dfa\ is a certain quadratic expres- 
sion bjy in fa, fa, fav-\. This expression is always a Hochschild 3-cocycle, 
and the equation is solvable iff it is a coboundary. Thus the cohomology class 
of bjy in H 3 (Aq) is the only obstruction to solving this equation. 

1.3. Universal deformation. In particular, if H 3 (Aq) = then the equa- 
tion for fj, n can be solved for all n, and for each n the freedom in choosing 
the solution, modulo equivalences, is the space H := H 2 (Aq). Thus there 
exists an algebra structure over on the space A u := Ao[[iT]] of formal 
functions from H to Aq, a, b i— > fai(a,b) G Ao[[-ff]], (a,b £ Aq), such that 
fai{a, b)(0) = ab £ Aq, and every 1-parameter flat formal deformation A of 
Aq is given by the formula fa[a,b)(h) = fa l {a,b){^{K)) for a unique formal 
series 7 € with the property that 7'(0) is the cohomology class of 
the cocycle fa. 
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Such an algebra A u is called a universal deformation of Aq. It is unique 
up to an isomorphism. 

Thus in the case i? 3 (Ag) = 0, deformation theory allows us to com- 
pletely classify 1-parameter flat formal deformations of Aq. In particular, 
we see that the "moduli space" parametrizing formal deformations of Aq is 
a smooth space - it is the formal neighborhood of zero in H. 

1.4. Quantization of Poisson structures. If H s (Aq) is nonzero then in 
general the universal deformation parametrized by H does not exist, as there 
are obstructions to deformations. In this case, the moduli space of deforma- 
tions will be a closed subscheme of H, which is often singular. On the other 
hand, even when H s (Aq) ^ 0, the universal deformation parametrized by H 
may exist (although it may be more difficult to prove than in the vanishing 
case). In this case one says that the deformations of Aq are unobstructed 
(since all obstructions vanish even though the space of obstructions doesn't). 

To illustrate these statements, consider the quantization theory of Poisson 
manifolds. Let M be a smooth C°°-manifold or a smooth affine algebraic 
variety over C, and Aq the structure algebra of M. 

Remark. In the C°°-case, we will consider only local maps A® n — > Aq, 
i.e. those given by polydifferential operators, and all deformations and the 
Hochschild cohomology is defined using local, rather than general, cochains. 

Theorem 1.2. (Hochschild-Kostant-Rosenberg) |HKRj H^Aq) = T(M, ATM) 
as a module over Aq = H°(Aq). 

In particular, H 2 is the space of bivector fields, and H s the space of 
trivector fields. So the cohomology class of /ii is a bivector field; in fact, 
it is 7r(a, b) := n\{a,b) — fjLi(b,a), since any 2-coboundary in this case is 
symmetric. The equation for ^2 says that d\ii is a certain trivector field 
that depends quadratically on ir. It is easy to show that this is the Schouten 
bracket [vr,7r]. Thus, for the existence of 1x2 it is necessary that [tt,it] = 0, 
i.e. that n be a Poisson bracket. 

Suppose now that tt is a Poisson bracket, i.e. [tt, tt] = 0. In this case the 
algebra A = Aq[[H]] with the product 11 is said to be a quantization of tt, 
and (M, ir) the quasiclassical limit of (A, 11). So, is it possible to construct 
a quantization of 7r? 

By the above arguments, \x<i exists (and a choice of fj,2 is unique up to 
adding an arbitrary bivector). So there arises the question of existence of 
/X3 etc., i.e. the question whether there are other obstructions. 

The answer to this question is yes and no. Namely, if you don't pick [12 
carefully, you may be unable to find ^3, but you can always pick fj,2 so that 
Us exists, and there is a similar situation in higher orders. This subtle fact 
is a consequence of the following deep theorem of Kontsevich: 

Theorem 1.3. [K] Any Poisson structure tt on Aq can be quantized. More- 
over, there is a natural bijection between products fx up to an isomorphism 
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and Poisson brackets ttq + Htti + h 2 iT2 + —, such that the quasiclassical limit 
of n is TTQ. 

Remark. Note that, as was shown by O. Mathieu, a Poisson bracket on 
a general commutative C-algebra may fail to admit a quantization. 

Let us consider the special case of symplectic manifolds, i.e. the case 
when 7r is a nondegenerate bivector. In this case we can consider tt^ 1 = u>, 
which is a closed, nondegenerate 2-form (=symplectic structure) on M. In 
this case, Kontsevich's theorem is easier, and was proved by De Wilde - 
Lecomte, and later Deligne and Fedosov (see e.g. [F]). Moreover, in this 
case there is the following additional result, also due to Kontsevich, [K] . 

Theorem 1.4. If M is symplectic and A is a quantization of M , then the 
Hochschild cohomology H l (A[h~ 1 ]) is isomorphic to H l (M, C((h))). 

Remark. Here the algebra ^[fo -1 ] is regarded as a (topological) alge- 
bra over the field of Laurent series C((h)), so Hochschild cochains are, by 
definition, linear maps A® n — > Aq((H)). 

Example 1.5. The algebra B = Aft^ 1 ] provides an example of an alge- 
bra with possibly nontrivial H^(B), for which the universal deformation 
parametrized by H = H 2 (B) exists. Namely, this deformation is attached 
through the correspondence of Theorem ll.3l (and inversion of h) to the Pois- 
son bracket ir = (to + tiui + ••• + t r uj r )~ l , where u%, u; r are closed 2-forms 
on M which represent a basis of H 2 (M, C), and t%, ...,t r are the coordinates 
on H corresponding to this basis. 

1.5. Examples. 

Example 1.6. Let V be a symplectic vector space over C with symplectic 
form u>. Let Weyl(V) denote the Weyl algebra of V, which is the quo- 
tient of the free (=tensor) algebra on V by the ideal generated by elements 
xy-yx- to(x,y). 

Let G be a finite group acting symplectically on V. Then G acts on 
Weyl(V), and one can form a semidirect product algebra Aq = G x Weyl(V). 
Let us study deformations of Aq . 

We say that an element g £ G is a symplectic reflection in V if 
rank(g — l)[y = 2. Let S be the set of symplectic reflections in G. 

Proposition 1.7. [AFLS] H % (Aq) is the space of functions on the set of con- 
jugacy classes of elements g £ G such that rank(g — l)|y = i- In particular, 
H\Aq) = if its odd, and H 2 (A ) = C[S] G . 

Corollary 1.8. There exists a universal deformation A u = H C (V, G) of Aq, 

which is parametrized by c E C[S'] G '. 

The algebra H C (V, G) is called the symplectic reflection algebra (see [EG] ). 
Such algebras were first considered by Drinfeld in 1986. If V = t)(B t)*, where 
I) is a representation of G, and the symplectic form on G is the pairing 
between f) and f)*, then H C (V", G) is called the rational Cherednik algebra. 
We will later construct H C (V, G) explicitly. 
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Example 1.9. Let X be a smooth affine algebraic variety over C, with an 
action of a finite group G. Let D(X) be the algebra of algebraic differential 
operators on X. Let Aq = G x D(X). Let us study deformations of Aq. 

For every g E G, the fixed set X 9 of g in Y is a smooth affine variety, 
which consists of connected components X 9 -, possibly of different dimen- 
sions. Such a component is said to be a reflection hypersurface if it has 
codimension 1 in X. Let S be the set of pairs (g, Y), where g € G, and 
Y C X 9 is a connected component which is a reflection hypersurface (i.e., 
has codimension 1). 

Proposition 1.10. [E] One has H 2 (A ) = (H 2 (X, C) C[S]) G . Moreover, 
there exists a universal deformation of Aq parametrized by H = H 2 (Aq). 

This deformation H c pf, G] is called the rational Cherednik algebra at- 
tached to (X, G), and is described in jEj. If X is a vector space F) and G 
acts linearly, then H c [rj, G] = H c (h©h*, G) is the rational Cherednik algebra 
discussed above. 

Example 1.11. The following example from the paper [DE] (conjecturally) 
generalizes examples ll.5|1.6| and 11.91 

Let M be a symplectic C°°-manifold (or affine complex algebraic variety). 
Let G be a finite group acting on M by symplectic transformations, and B 
be a quantization of M which is equivariant under G (such a quantization 
always exists). Let Aq = G x Let us study deformations of Aq. 

The Hochschild cohomology of Aq is given by the following theorem. Let 
the fixed set M 9 be the union of connected components Mf , i = 1, ...,N g . 

Theorem 1.12. i?*(^4o) equals, as a vector space, the orbifold cohomology 
of M/G with coefficients in C((H)). Namely, 

hp(Aq) = (e 9eG e£ £p- Mdto ^(Mf)) G . 

(where the coefficients on the RHS are C({h))). 

Remark. Let S be the set of pairs (g,Y), where g £ G, and Y C M 9 
is a connected component of codimension 2. Theorem 11.121 implies that 
H 2 (A ) = (H 2 (M)eC[S}) G . 

Thus, we see that H 3 (Aq) does not always vanish. Nevertheless, we make 
the following conjecture. 

Conjecture 1.13. The deformations of the algebra Aq are unobstructed. 
Thus there exists a universal deformation H c of this algebra parametrized 
bycGH 2 (A ). 

Thus the conjecture implies that if S ^ 0, then there exist "interesting" 
deformations of ^o, i.e., ones not coming from G-invariant deformations of 
B. 

Let us give a few examples in which this conjecture is true. 
1. H 3 (Aq) = 0. This includes the following interesting case considered 
in EQ| : S is a smooth affine algebraic surface such that i? 1 (S,C) = 0, 

5 



and M = £ n , G = S n . In this case there is one interesting deformation 
parameter corresponding to reflections in S n . 

2. G is trivial (Example II. 5p . 

3. M = T*Y , where Y is a smooth affine variety, and G acts on Y 
(Example (L9]). 

4. If M = V is a symplectic vector space and G acts linearly (Example 

5. Let M = V/L, where V is a symplectic vector space and L a lattice 
in V (i.e., L is the abelian group generated by a basis of V). Thus M is 
an algebraic torus with a symplectic form. We assume that the symplectic 
form is integral and unimodular on L. Let G C Sp(L) be a finite subgroup; 
then G acts naturally on M. In this case H c is an "orbifold Hecke algebra" 
defined in [Ej (it will be discussed below). 

2. Algebras given by generators and relations 

2.1. Giving formal deformations by generators and relations. An- 
other approach to exploring deformations of Aq is defining deformations by 
generators and relations. 

Let us first consider the setting of formal deformations, which we have 
discussed in the previous section. Namely, let Aq be an algebra over a field 
k, generated by a±, 02, ... with defining relations Rj(ai, 02, ■■■) = (here R® 
are elements in the free /c-algebra F generated by <Zj). Let us now define 
a formal deformation of Aq as the algebra over K = k[[h]] with the same 
generators and deformed relations Rj = RH + hR] + h 2 R? + .... That is, 
A is the quotient of the free algebra i^[[^]] by the /i-adically closed ideal 
generated by the relations Rj. 

Example 2.1. (The Weyl algebra.) Let Ao = C[x,y] be the algebra gener- 
ated by x, y with the defining relation yx — xy = 0. We can then define A 
by the same generators and the deformed relation yx — xy = h (the Heisen- 
berg indeterminacy relation). Then A is indeed a 1-parameter flat formal 
deformation of Aq, which provides a quantization of the standard Poisson 
bracket {y, x} = 1. 

So, is A always a 1-parameter flat formal deformation of Aq? In general 
the answer is no: the flatness property can fail. The following typical ex- 
ample of this is obtained by adding just one relation to the relations above. 

Example 2.2. Assume the algebra Aq is defined by generators x,y and 
defining relations 

yx — xy = 0, x = 0, 

and A is defined by generators x, y and relations 

yx — xy = h, x = 0. 

Then A is not topologically free, as it contains /i-torsion. Indeed, h ■ 1 = 
yx — xy = since x = 0. On the other hand, 1^0, since the algebra 
Aq = C[y] is nonzero. 
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In fact, it is easy to show that if we add any relation to xy — yx = h, it 
will produce a non-flat deformation (unless the algebra to be deformed is 
zero to begin with). This shows that if one wants to secure flatness, one has 
to deform the relations in a very special way. In fact, it is usually rather 
difficult to do so, as well as to check that the resulting deformations are 
actually flat. Below I would like to show several situations when this task 
can be successfully completed. 

2.2. Deformations of quadratic algebras. The first situation is defor- 
mation theory of quadratic algebras. 

Let R be a finite dimensional semisimple algebra (say over C). Let A 
be a Z + -graded algebra, A = ®i>oA[i], such that A[0] = R. For simplicity 
assume that the spaces A[i] are finite dimensional for all i. 

Definition 2.3. (i) The algebra A is said to be quadratic if it is generated 
over R by A[l], and has defining relations in degree 2. 

(ii) A is Koszul if all elements of Ext l (R, R) (where R is the augmentation 
module over ^4) have grade degree precisely i. 

Remarks. 1. Thus, in a quadratic algebra, A[2] = A[l] ®rA\\\/ E, where 
E is the subspace (-R-subbimodule) of relations. 

2. It is easy to show that a Koszul algebra is quadratic, since the condition 
to be quadratic is just the Koszulity condition for i = 1, 2. 

3. Many important algebras, e.g. the free algebra, the polynomial algebra 
and the exterior algebra are Koszul. 

Now let Aq be a quadratic algebra, Aq[0] = R- Let Eq be the space of 
relations for Aq. Let E C Aq[1] ®R A)[l][[^]] be a topologically free (over 
C[[7i]]) ii-subbimodule which reduces to Eq modulo h ("deformation of the 
relations"). Let A be the (Radically complete) algebra generated over 
by ^4[1] = Ao[l][[?i]] with the space of defining relations E. Thus A is a Z + - 
graded algebra. 

Then we have the following fundamental result 

Theorem 2.4. (Koszul deformation principle, [D],[BG],[PPJ,[BGS] j If Aq is 
Koszul then A is a topologically free C[[h]] module if and only if so is A[3]. 

Remark. Note that A[i] for i < 3 are obviously topologically free. 

2.3. Symplectic reflection algebras. We will now demonstate by an ex- 
ample how the Koszul deformation principle works. 

Let V be a finite dimensional symplectic vector space over C with a sym- 
plectic form u>, and G be a finite group acting symplectically on V . For 
simplicity let us assume that (f\ 2 V) G = Cu>. 

If s G G is a symplectic reflection, then let uj s (x, y) be the form ui applied 
to the projections of x, y to the image of 1 — s along the kernel of 1 — s; thus 
co s is a skewsymmetric form of rank 2 on V. 

Let S C G be the set of symplectic reflections, and c : S — > C be a 
function which is invariant under the action of G. Let t € C. 
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Definition 2.5. The symplectic reflection algebra H t c = H ttC (V,G) is the 
quotient of the algebra G X T(V) by the ideal generated by the relation 

(2) [x,y] = tu>(x,y) - 2^c s uj s (x,y)s. 

ses 

The following theorem shows that the algebras Ht c (V, G) satisfy a flat- 
ness property, and moreover, they are the only ones satisfying this property 
within a certain natural class. 

Theorem 2.6. Let k : f\ 2 V — > C[G] be a G-equivariant function (G acts 
on the target by conjugation). Define the algebra H K to be the quotient of 
the algebra G tx T(V) by the relation [x,y] = n(x,y), x,y £ V. Put an 
increasing filtration on H K by setting deg(^) = 1, deg(G) = 0, and define 
£ : G x SV — > grH K to be the natural surjective homomorphism. Then £ is 
an isomorphism if and only if k has the form 

k(x, y) = tu(x, y) -2^2 c s ^s{x, y)s, 

for some t € C and G -invariant function c : S — > C. 

Before proving this theorem, let us point out a corollary. Denote by 
H C (V, G) the algebra defined as H tjC (V,G), but with t = 1 and c being a 
formal parameter. 

Corollary 2.7. The algebra H C (V,G) is a flat formal deformation of G k 
Weyl(V), parametrized by C[S] G . 

In fact, it turns out (see [EG]) that H C (V, G) is the universal deformation 
of G ix Weyl(V), whose existence was proved in Example 11.61 

Proof, (of Theorem |2.6j) Let n : /\ 2 V — ► C[G] be an equivariant map. We 
write n(x,y) = Z^ g eG K g( x > V)9i where K g (x,y) G A 2 V* . To apply Theorem 
12.41 let us homogenize our algebras. Namely, let Aq = (G ix 5V) <8> C[u\. 
Also let ?i be a formal parameter, and consider the deformation A = H^ U 2 K 
of Aq. That is, A is the quotient of G k T(V) [u] [[h]] by the relations [x,y] = 
hu 2 n(x,y). This is a deformation of the type considered in Theorem 12.41 
and it is easy to see that its flatness in h is equivalent to Theorem 12.61 Also, 
the algebra Aq is Koszul, because the polynomial algebra SV is a Koszul 
algebra. Thus by Theorem 12.41 it suffices to show that A is flat in degree 3. 
The flatness condition in degree 3 is "the Jacobi identity" 

[k(x, y), z] + z),x] + [k(z, x), y) = 0, 

which must be satisfied in G x V. In components, this equation transforms 
into the system of equations 

K g(x, y){z - z 9 ) + K g (y, z)(x - x 9 ) + k 9 (z, x)(y - y 9 ) = 

for every g € G (here z 9 denotes the result of the action of j on z). 

This equation, in particular, implies that if x, y, g are such that n g (x, y) ^ 
then for any z G V z — z 9 is a linear combination of x — x 9 and y — y 9 . 
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Thus K g (x,y) is identically zero unless the rank of (1 — g)\y is at most 2, 
i.e. g = 1 or g is a symplectic reflection. 

If 5 = 1 then K g (x,y) has to be G-invariant, so it must be of the form 
tu>(x, y), where t € C. 

If ^ is a symplectic reflection, then n g (x,y) must be zero for any x such 
that x — x 9 = 0. Indeed, if for such an x there had existed y with k 5 (x, y) ^ 
then z — z 9 for any z would be a multiple of y — y 9 , which is impossible since 
Im(l — g)\v is 2-dimensional. This implies that K g (x,y) = —2c g ujg(x,y), 
and c g must be invariant. 

Thus we have shown that if A is flat (in degree 3) then k must have the 
form given in Theorem 12.61 Conversely, it is easy to see that if k does have 
such form, then the Jacobi identity holds. So Theorem 12.61 is proved. □ 

2.4. Deformation of representations. Another method of estabishing 
flatness of a deformation A of Aq defined by generators and relations is show- 
ing that a given faithful representation Mq of the algebra Aq (for example, 
the regular representation) can be deformed (flatly) to a representation M 
of A. In this case it follows automatically that A is flat. Let us give two 
examples of situations where this method can be applied. 

Example 2.8. (see [E]). Let X be a connected, simply connected complex 
manifold, and G a discrete group of automorphisms of X. In this case the 
quotient X/G is a complex orbifold. Let X' C X be the set of points having 
trivial stabilizer (it is a nonempty open subset of X). Define the braid 
group G of the orbifold X/G to be the fundamental group of the manifold 
X'/G with some base point xq. We have a surjective homomorphism cf) : 
G — > G, which corresponds to gluing back the points which have a nontrivial 
stabilizer. Let K be the kernel of this homomorphism. 

The kernel K can be described by simple relations, corresponding to re- 
flection hypersurfaces in X. Namely, given a reflection hypersurface Y C X, 
we have a conjugacy class Cy in G which corresponds to the loop in X'/G 
which goes counterclockwise around Y. Let Ty be a representative of Cy. 
Also, let Gy C G be the stabilizer of a generic point on Y; this is a cyclic 
group of some order ny. Then it follows from basic topology that the el- 
ements Ty Y belong to K, and K is the smallest normal subgroup of G 
containing all of them. In other words, the group G is the quotient of the 
braid group G by the relations 

(3) T" y = 1. 

Now let Aq = C[G], and let us define a deformation A of Aq to be the 
quotient of the group algebra of the braid group G by a deformation of 
relations (J3j) - Namely, for every reflection hypersurface Fclwe introduce 
formal parameters Tyj, j = 1, ...,ny (which are conjugation invariant), and 
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replace relations ([3D by the relations 

(4) Yl (T Y - e 27Tij/nY e TY 'i ) = 0. 

i=i 

The quotient A of C[G][[t]] by these relations is called the orbifold 
Hecke algebra of X/G, and denoted by H T (X, G). 

Theorem 2.9. (\E\) If H 2 (X,C) = then H T (X,G) is a flat deformation 
ofC[G}. 

Remark. If X is C n and G = Gq ■ L, where L is a lattice of rank 2n and 
Go is a finite group acting on L then 7i T (X,G) is, essentially, the algebra 
which was mentioned in Example 11.111 

To illustrate the relevance of the condition H 2 (X,C) = 0, let us consider 
the special case when G is the triangle group F p ^ r , generated by a, b, c with 
defining relations 

a P = 1, b q = 1, c r = 1, abc = 1, 

where p, q, r > 1 are positive integers. The group G is the group generated 
by rotations around the vertices of a triangle with angles ir/p, ir/q, ir/r, by 
twice the angle at the vertex. Let S = | + | + i . The triangle lies on the 
sphere, Euclidean plane, or hyperbolic plane X when S > 1, S = 1, and 
5 < 1, respectively. The deformation H T (X,G) is generated by a, 6, c with 
defining relations 

pgr 

l\(a - aj ) = 0, l[(b - Pj) = 0, [](c - l3 ) = 0, a&c = 1, 

3=1 3=1 3=1 

where 

Theorem 12.91 says that the deformation is flat for the Euclidean and hyper- 
bolic plane, but says nothing about the sphere, i.e. the triples (p, q, r) equal 
to (2, 2, n), (2, 3, 3), (2, 3, 4), (2, 3, 5), in which case the group G is finite. And 
indeed, in this case Ti T (X,G) is actually not flat! To see this, note that in 
the sphere case TC T , if it were flat, would have dimension \G\ (over C[[r]]). 

50 we may take the determinant of the relation abc = 1 (using the fact that 
the eigenvalues of a, 6, c are aj,f3j,"fj, with equal multiplicities). This yields 
a nontrivial relation on r: 

(n^) |Gi/p (n^o |Gi/9 (ri73) |Gi/r =i, 

3=1 3=1 3=1 

which rules out flatness of 7i T . 

Example 2.10. (|ERJ) Let W be a Coxeter group of rank r with generators 

51 and defining relations 

s 2 = 1, (siSj)" 1 ^' = 1 for rrHj < oo, i, j = 1, ...,r, i / j, 
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where rriij = m ji are integers > 2 or oo, defined for i ^ j. Let W + be the 
subgroup of even elements of W. It is easy to see that W+ is generated by 
the elements := S{Sj, with defining relations 

Define a deformation of Aq = C[W+] as follows. Introduce invertible param- 
eters tij t k = tji-ki k ^ Z/rriijZ for rriij < oo. Let R = C[tij t k], and A be the 
i?-algebra generated by a^j with defining relations 

rriij 

dijdji — 1) CLijCLjk^ki — 1) _J_ (flij ^ij,k) — 0- 

fc=l 

For any x € W+, fix a reduced word w(x) representing x. Let be 
the element of A corresponding to this word. 

Theorem 2.11. [ER| (i) The elements T w ^ for x E W4. span A over R. 

(ii) These elements form a basis of A over R if and only if W has no 
finite parabolic subgroups of rank 3, i.e. iff for each i,j,l, 

1 1 1 
+ + < 1. 

rriij mji m H 

Corollary 2.12. Let A be the completion of A with respect to the ideal 
generated by tij k — e 2 ' Kk y r -^/ m ij . Then A is a flat deformation of Aq iff W 
has no finite parabolic subgroups of rank 3. 

Remark. Note that triangle groups F p „ r are groups W+ for Coxeter 
groups of rank 3 (with mi2 = p, rriiz = q, rri3i = r), so the "only if" part of 
Theorem 12.111 (and the "if" part in rank 3) follow from Example 12.81 

In both of these examples, flatness is established by showing, using geo- 
metric methods (D-modules or constructible sheaves), that the regular rep- 
resentation of Aq can be flatly deformed to a representation of the deforma- 
tion. Let us conclude by illustrating this in Example 12.81 in the case when 
X = E is a complex vector space, and G is a finite group acting linearly 
on E. In this case, Theorem 12.91 was proved by Broue, Malle, and Rouquier 
[BMR], following an idea of Cherednik. Let us sketch their proof. 

The main idea of the proof is to introduce Dunkl operators D a , a € E, 
which act on functions on E (with poles on the reflection hyperplanes Y): 

r aY is; 

where the summation is over all reflection hyperplanes Y, ay is the nonzero 
element of E* vanishing on Y, and cy g is a conjugation invariant function 
of Y,g. 

It can be shown that the Dunkl operators commute: [D a ,Db] = 0. This 
implies that the system of equations D a ip = 0, a € E, can be regarded 
as a local system with fiber CG on [E \ UY)/G. The fundamental group 
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of (E \ UY) I G, by definition, is G, so we may consider the corresponding 
monodromy representation of this group. If c = 0, the monodromy repre- 
sentation is the standard homomorphism CG — > CG. One may show that if 
0, then the monodromy representation is a deformation of this standard 
homomorphism, which factors through the Hecke algebra Tt T (E,G), for an 
appropriate linear change of variables c — ► r. This implies the flatness of 

n T (E,G). 
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